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NEW K-AUTOMORPHISMS AND A
PROBLEM OF KAKUTANI

BY
J. FELDMAN

ABSTRACT

A property is introduced, for 1-1 measure-preserving transformations of
probability spaces, called loose Bernoulliness (LLB), which is invariant under
taking factors, inducing, and tower-building. It amounts to replacing, in
Ornstein’s definition of very weak Bernoulli, the Hamming distance on strings
by a coarser metric. The main result is the construction of a transformation T,
which is ergodic and of entropy 0 but not LB. On the other hand, any irrational
rotation is LB. Consequently, the equivalence relation generated by inducing
and tower-building (which I call Kakutani equivalence, and the Russians call
monotone equivalence) has at least two distinct equivalence classes among the
ergodic entropy zero transformations. A similar situation exists for ergodic
positive-entropy transformations: on the one hand, any Bernoulli shift is LB,
while on the other hand a non LB K -automorphism T, can be made by skewing
T, over a Bernoulli base.

1. Introduction

Let S be a Bernoulli automorphism of the probability space (X, &, n) witt
independent generating partition ? = {P,, P}, u (P;) = ;. The term “‘automorph-
ism” will here always mean bimeasurable measure-preserving bijection. For anjy
ergodic automorphism with finite entropy, call it T, on (Y, %, v), let T be the
skew product defined by

- _ [(Sx,y), x € P,
T(xy) {(Sx,Ty), XEP’

1. Meilijson [7] has shown that T is always a K-automorphism. This was notice«
independently but later by myself and Ken Berg.

The question leaps to mind, will T always be a Bernoulli automorphism? If *
is either an irrational rotation of the circle or itself a Bernoulli automorphism
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then T is indeed Bernoulli (Theorem 2). The more interesting problem is to find
some T for which T is not Bernoulli.

Such T do in fact exist! Specifically: I introduce a property, loosely Bernoulli
(LB), which must be possessed by any T for which T is Bernoulli (Corollary 2 to
Theorem 3), and then construct an ergodic T, of entropy zero which is not LB
(Theorem 4). But actually the method gives much more. The condition LB is
preserved under taking factors, inducing and building towers of finite measure
(Theorem 3). Thus, in particular, LB is invariant under Kakutani-equivalence
[5]: no single ergodic automorphism can induce both an LB automorphism and a
non LB automorphism. Equivalently, no special flow built over an LB base can
be isomorphic to a flow built over a non LB base. The non LB automorphism T,
is thus not Kakutani-equivalent to any irrational rotation (Corollary 1 to
Theorem 4), even though both have zero entropy. It is further argued, in
Corollary 2 to Theorem 4, that T, is also not LB, and consequently provides an
example of a K-automorphism which is not Kakutani-€quivalent to a Bernoulli
automorphism.

To the best of my knowledge, all previously known non-Bernoulli K-
automorphisms have been constructed by an infinite sequence of independent
cuttings and stackings, plus occasional addition of new material; cf. Ornstein [8].
Since this technique always gives rise to automorphisms which induce Bernoul-
lis, as was essentially shown by L. Swanson [11], it follows that T, is not
isomorphic, or even Kakutani-equivalent, to any of these.

It is further possible (Corollary 3 to Theorem 4), using results of Gurevi¢ [4],
to build a K-flow over Ty, thus providing an example of a K-flow which cannot
be time-changed to a Bernoulli flow.

Some of these techniques may be extended to study skew products over (S, ?)
where 2 is not independent. This will be carried out elsewhere; in the present
paper just enough technique is developed to provide the examples mentioned.

One of the crucial ideas is to substitute into the definition “very weak
Bernoulli” (VWB) given by D. Ornstein [8], a certain notion of distance between
strings of symbols which is different from the “Hamming distance” used by
Ornstein. This notion has also been encountered by S. Ulam [12] in a biological
context, and I feel that it is a natural notion for Information Theory.

Essential use is made of the recent D. Ornstein-B. Weiss result [10] that every
finite partition for a Bernoulli automorphism is VWB.

This work was carried out mainly during the 1975 Symposium on Ergodic
Theory at the University of Warwick, while on sabbatical leave from the
University of California, Berkeley, and with partial support of NSF Grant MPS-
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75-05576. 1 am grateful to Ken Berg, Jean-Paul Thouvenot, and especially Harry
Furstenburg for valuable suggestions and discussions; also to Don Ornstein for a
suggestion which simplified the proof of Step V in Theorem 4.

The referee has brought to my attention a note by A. Katok (Dokl. Akad.
Nauk SSSR, 223 (1975), 784-792). The results announced there have some things
in common with the present paper. To be exact: My definition LB, in the case of
entropy zero transformations, is precisely the condition which appears in
Katok’s theorem 4, part 3. Thus, his announced results cover the zero entropy
case of my Theorem 3.

2. K-automorphisms and Bernoulli automorphisms

Let § be a Bernoulli with independent generator # ={P,, P\}, u(P,)=
w(P)=13. Let T have finite generator 2 ={Q,: a €I} (although doubtless much
of what follows does not really require this assumption). Let 9 be the partition
{Oa:a e} of XxY, where I=1U{0}, Oo=P,x Y, and O, = P,x Q, for
ac€l

o] o
Q10| O tY
o.! o

If 2 is a generator under T then, as may easily be verified, 9 is a generator
under T. Let {£,} be the stationary process defined by &.(x) = if $"x € P, Let
1.(y)=a if T"y € Q.. Let #.(x,y)=a if T"y € Qu. Thus H.(x, y) = Ne(y) if
¢, =1, otherwise 7.(x, y) = 0, where the o, are partial sums of the &, defined by
go=0 and .., = 0, + &.. The &, m. and o, may also be regarded, in an
obvious way, as functions on X X Y. The processes may be viewed graphically
thus:
el Mo o M M2+
010100101 1"

That is, the %, are substituted for the 1's in the £-sequence in order, 7, being
substituted in the first non-negative place j where & =1, to obtain the
1-sequence.

Tueorem 1. T is a K-automorphism.

Remarks. This is a special case of [7]. The general idea of the proof is to
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utilize the fact that the probabilities u{o~ = j} are “‘asymptotically flat”, in the
sense that limy_.2;|u{on = j} — u{o~ =j+1}| =0 which may be shown di-
rectly, or by applying a theorem in [9]. This enables the process {7.,} to “forget”
where the process {n;} is.

THEOREM 2. If T is either an irrational rotation or a Bernoulli automorphism
then T is a Bernoulli automorphism.

Proor. The case of an irrational rotation follows from Adler and Shields [1].
The case of a Bernoulli transformation is obvious, because if 2 is an indepen-

A

dent generator for T then 9 is an independent generator for T.

REMARK. It may be shown directly that for any ergodic rotation T of a
compact abelian group, or any T which is direct product of such a rotation with a
Bernoulli automorphism, T is Bernoulli. However, I'll refrain from presenting
that argument here.

3. Loosely Bernoulli processes

Let T be an automorphism on (Y, %, v), and 2 = {Q.: a € I} a finite partition.
By 2% is meant the partition generated by {T '2:j =i =k}. Let {n;} be the
corresponding I-valued process, defined by T’y € Q..

Now I define “very weakly Bernoulli” for a partition. This will differ from the
original definition of [8] in two respects. One is minor: the use of measures nu,
on I X I", rather than enlarging to a continuous probability space. This is easily
seen to amount to the same thing. The second is more substantive: instead of
demanding “3I N in the definition below, I demand “‘for all sufficiently large
N”. That this apparently more stringent requirement is in fact equivalent to the
original definition was pointed out to me by Don Ornstein. It may be seen by
examining the proof of the lemma in [10]. I could have worked with the original
definition throughout, making a corresponding change in the definition of LB,
but the present form simplifies checking the basic example in Section 5.

2 is called very weakly Bernoulli (VWB) for T if for every ¢ > 0 it is the case
that for every sufficiently large integer N and for each M >0 the following
holds: there exists a collection 4 of “good” atoms of 2°,, whose union has
measure > 1— g, and so that for each pair A, B of atoms in % the conditional
distributions v(-| A) and v(-| B), restricted to 27, are “close” in this precise
sense: there is a measure na 5 on IV X IY such that

a) nag(axXI¥)=v((n, -, 9n)=a|A), and

nas(I" X B)y=v((m, -+, nn) = B|B),
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and also

b) na s({(a, B): a differs from B in at least eN places}) < e.

It was shown by Ornstein [8] that if T has a VWB finite generator then T is a
Bernoulli automorphism; and by Ornstein and Weiss [10] that, conversely, for 2
Bernoulli automorphism every finite generator is VWB.

Now I introduce another property of a finite partition 2: that of being loosel
Bernoulli (LB) with respect to T. The only difference between VWB and LB wil
occur in (b), where the notion of the closeness of the strings used there will be
replaced by a weaker notion. First, for two strings of symbols « = (a;,* -, a~
and B = (b, -, bn), set d(a, ) = (1/N)|{j: a;# b;}| . Then condition (b} in the
definition of VWB may be replaced by

nas{{a, B):d(a,B)zZ e}) <e.

Now: for two strings @ = (a;,- -+, au) and B = (by,- - -, bn), no longer necessar
ily the same length, define a match w of o with B8 as an order-preserving
bijection from a subset @ () C{1,---, M} onto a subset & () C{1,- -+, N} suct
that b,;,=a. The fit of the match, |=#|, is the number (|@(w)]
| R(m)|)/(M + N). Of course |D(w)| =|%R(w)|, and if M =N we just ge
| D(m)|/M. The distance 8(a, 8) is defined to be 1 —sup{ | |: = any match of
with B}. Notice that if 7 is a match of @ with 8 then =" is a match of B with ¢
and §(7)=8(7"),s0 8(a, B) = 8(B, a). Also, 8(a,B) =0 a = B. On string
of equal length, the triangle equality also holds, so that § is a distance; on string
of varying length this is not the case, although minor changes in the definitior
could be made to fix this if it were needed. Now say 2 is loosely Bernoulli (LB
for S if it satisfies the previous definition of VWB with the following change
instead of (b), I demand the weaker

b) nas{(e, B): 6(a,B)Z= e} <e.

Here is an argument which shows that a certain apparent weakening of th
definitions actually leads to the same thing.

ProposiTioN 1. Let (a;), i,j = 1,- -+, N, be a matrix with nonnegative entrie
adding up to 1. Let b, =2,a, and ¢, =2.a; Let b}, i=1,--- N, and ¢
j=1,-+-, N, be probability vectors with 2,| b, — bi| < e and ;| ¢; - cj| <e. The
there is another matrix (a';) with nonnegative entries adding up to 1 such the
S,ay =b), Siay=c), and ;| a; —al;| <2e.

Proor. It will suffice to show the case ¢; = ¢}, provided that £;|a; — a’; | -
¢ : for then one can first fix the b; leaving the ¢; alone, and then fix the ¢; leavin
the b, alone. So let us assume ¢; = ¢;. Now: take each row i for which b >b
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look along it for terms a; which are >0, remove enough mass from these a; to
bring b down to b}, and transfer the mass removed from a; to some a;; for
which b < b}. This can certainly be done, since 2; b, = X, b|. Call the new matrix
a';. The sum 2;a; is still equal to ¢; for each j, while Z,a}; = b} as desired.
Finally,

2"111—(1;;' ZZZ{a.j—ai,-:a,-,>a§,}
ij i
=23 (b= bib>bl=3|b —bi| <. O

ReMarK. The result easily generalizes to the context of marginals of
probability measures on product spaces.

CoroLLARY 1. In (a) of the definition of VWB and LB, it suffices to demand
that the marginals of na s approximate to within ¢.

DeriniTION.  This weaker demand 1 will call (a’).

CorOLLARY 2. In the definition of VWB and LB it suffices, instead of saying
“for all M >07, to say ‘“‘for all sufficiently large M > 0.

Proor. Suppose the definition is applied for £* and some M (for fixed e and
N). I show that, for any positive integer M' < M, the definition also works.

Let & be a set of 2%, atoms of measure > 1— ¢ satisfying the definition: so
that associated with each A, B in 4 there is a measure na. s on I™ X I" satisfying
(a), and (b) or (b’). Those atoms of 2 ., which contain a proportion 1 — ¢ of 2%y,
atoms in %, we call ¢’. The remaining 2!, atoms form a set of measure < &.

For A'€ 9" set Y9(A)={A €Y. ACA'}. For AE 4(A’') set p(A)=
v(A)/Zsesanv(B). For A', B'€ 4’ set

Na' B — E P(A )p(B)nA' Bs

where A is summed over ¥(A’) and B over §(B’). Then (b) or (b’) is satisfied
for na- g, since it is an average of measures satisfying the condition. As for (a):

nas{axIV) = p(A)p(B)na s(a X IV)
=X p(ApB)v((n, - ) =alA)
=Y p(A)((q, - ) =a | A)
=J—A—'(LB—)E v(A AW, )= a | A).

BEF(AY)
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The factor in front is between 1 and 1/(1 — ¢), and the summation reduces to
v((n, - ,mn)=a|A’). A similar argument works for na. s(I" x 8). Thus,
after a shrewder choice of ¢, one gets the weaker looking (a’) of Corollary 1. [

ReMARrk. If the entropy h(T, 2) = 0, then the definition LB can be recast in a
considerably more manageable form: namely, that for every ¢ >0 and every
sufficiently large N there exists a set % of 27 atoms of total measure =1—¢,
such that any two of the names can be matched better than 1 — €. The proof of
this remark is easy and is left to the reader.

In the remainder of this section, and in the next section there will be proven
several functorial properties of “LB”. It should be remarked that all of these
may be proven much more simply in the entropy zero case, by using the above
simplified definition, and the reader may want initially to carry out for himself
this version of the arguments. However, in order to obtain all of Corollary 2 to
Theorem 4, which is one of the main results of this paper, I will need the positive
entropy case.

Lemma 1. If 2 is LB for T, and R C2, then R is LB for T.

Proor. Choose £ > 0 and a sufficiently large N for 2 and ¢°. Choose M >(
and a corresponding set of 2°y-atoms. Let ¢’ be those 2 y-atoms which are
made up, to within a proportion 1 - ¢, of members of %; then the total measure
of the members of ¥’ is 21— ¢.

Continue exactly as in the proof of the preceding Corollary 2, to obtain foi
each A', B'in %' a measure n.5 on I¥ X IY which satisfies (a’) and (b'). Here I is
of course the index set of 2. However, what is needed is a measure on J™ x J¥
where J is the index set of ?. But J can be regarded as a certain collection of
subsets of I, and by restricting n4. s to the subsets of IV X I" corresponding tc
J¥ x J¥ one obtains a measure on J¥ X JV satisfying (a’) and (b’) for 2. C

Lemma 2. If 2 is LB for T, then so is 2.

Proor. It suffices to consider the case k = 1, because then iteration gives the
general case.

Pick ¢ >0. Since 2 is LB, pick N for 8, where 8 will be chosen later. Supposc
a and B are in IV and are matched better than 1- 8. Let a =(a,,* -+, an)
B=(by, -, by). Let @=(az ", dn), B = (b, bx), where ., is the pai
(a;, a;+1) and by, is (b, b;+). For all pairs (a;, a;+1) which are paired with (b, b;.1)
we get d;., paired with b;... If at least (1 — §)N of the a-sequence are paired, sc
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that no more than 8N are unpaired, then at least (1 —28)N — 1 of the terms of
(a2, - -+, a~) are paired and have the previous term paired as well. Consider the
images of such terms in B via the match. Restricting to (b, - -, bx) leaves at
least (1 -28)N — 2 terms; and since no more than 8N terms of 8 were originally
unpaired, at least (1—38)N ~2 of these images will have the previous term
paired. Thus there are at least (1—36)N —2 pairings induced between
(G-, an)and (B, -+, Bn). Pick 8 = £/4 and N at least 8/¢. Then a match as
good as 1 — ¢ for @ and B gives a match as good as 1 — ¢ for (a,, - -, an) and
(5,, ce EN), where a, and b, are chosen in any way whatsoever. Now: an atom
of (T'2 v 2)° is also an atom of 2°%,.,. Let na s be the measure on IV x IV
given by LB of 2. Extend this measure to allow for a 0-component in the first
factor and the second factor, which takes on with certainty the value a, (from A)
in the first factor and b, (from B) in the second factor. This induces a measure

fia s on IV x IV, where I = I x 1, using the map (ao, - - -, an) P (@1, 2, - - -, dv ) and
(bo, "+, by) P (5,, e 5N) to transfer the measure. Then ns 5 will have the
desired properties. O

ProrosiTioON 2. If 2 is LB with respect to T, and P is a finite partition with
P C2°., then Pisalso LB. (Here 9°.. is the o-field generated by {2°,.: k =0}).

Proor. Pick ¢ > 0. Pick 8§ (whose dependence on ¢ will be specified later).
Pick L so #C59°,. Pick N as in the definition of LB, for 2°, and 8. Then for
each M >039C(2°)% = 2%, .a s0 that if A, B € ¢ then I na 5 on IL* VM x
I satisfying (a) and (b’) for § and 2°,. Let # ={P,: a €J} and # =
{P,: a €J}, with # C2", and [P — P | < 5. Then J can be regarded as certain
subsets of I""!, and a map is induced from I*“*"M X J“*"M to Jx J, call it ¢.

Now fix M, >0, and choose M so large that each #’,,-atom consists, up to
1-6, of a union of 2%, .uyatoms. Then, as in previous arguments, mast
P’y -atoms are made up mostly of atoms of ¥, call these P°,ratoms %,, and for
Ay, By in 9, the measure na, p, is defined as =, gna s°¢ 'v(A | A)v(B|B)), the
sum being extended over those A, B in % which are mostly contained in A, and
B, respectively. Sufficiently small choice of 8 guarantees that (a’) and (b’) are
satisfied for 2 and e. O

CoroLLarY. If T is of entropy 0 and 2 is a finite generator which is LB with
respect to T, then every finite partition is LB with respect to T.

Proor. If T has entropy 0 and 2. = 3 then already 2°. = %, and Proposi-
tion 2 may be applied. |
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4. Loosely Bernoulli automorphisms

DEeFINITION.  The ergodic automorphism T on (Y, %, v) will be called loosely
Bernoulli (LB) if every finite partition of Y is LB with respect to T.

THEOREM 3.

a) If T is LB then so is every factor.
b) If Tis LB and v(E)>0 then Te is LB.
¢) Conversely, if Ty is LB then so is T.

Prooror(a). Thisis immediate from the definition. O

Proor oF (b). Assume that T is LB. Let ? = {P,: a €I} be a finite partition
of E. The object is to show that % is LB for Te. Let ?'=2 U{Y - E}=
{P,: a €T}, where '=1U {0} and Y ~ E = P,. Let v be v(-)/v(E). Let {£} be
the I-valued stochastic process on (E, B/E, ve) defined by Tiy = Py, Let {£]}
be the I'-valued process on (Y, B, v) defined by T} = P,,. Let t, be the nth
arrival time in E, counting forward from 1 for n > 0 and backward from 0 for
n=0. Thus, &, |E = &.

Now pick £ >0. Pick £’ >0, to depend on ¢ in a manner which will be
specified later, but make sure 2¢’ < v(E). ?'is LB with respect to T, so N’ may
be chosen ‘“‘big enough” for T, ?', ¢'. Also choose it so large that

V(E)— g<Nii 1:(T)) = v(E)+ &'

on a set F' of measure = 1—¢'. F' is obviously 2" -measurable, corresponding
to a set F'CI'". Choose N between (v(E)— ¢')N’ and (v(E)+ ¢')N’; since N
can be chosen arbitrarily once it gets big enough, so can N.

Now choose a nonnegative integer M. Choose M’ so large that for eact
A € P, t-m = M' on asubset of A whose ve-measure is at least a proportior
(1—¢’) of that of A. Let 9’ and n, p satisfy (a), (b') for this M'. Also let 4§ be
the set of P%-atoms A such that ve(F'|A) is =1-Ve’; since ve(F')z
1~ (¢'/v(E)), the total measure of ¢ (for vg)is = 1— (V'e'/v(E)). Now for A, I
in ¥4, define

fia.s(a, B)= azﬂ'ZA',B' na.s(a’,BHv(A’ | A)V(B,| B),

where ' ranges over all elements of F’ containing « as the first N symbols in 1
and B’ has a similar range relative to B,A'’€ 4§ and CA,while B'€ ¢’and CH
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Then (without repeating explicitly the range of the summation at each stage) we
have

ins(@I™)= 3 3 newla’,f)v(A’|A)v(B'| B)

eI a8 A" B

> naw(a,F)(A'|A)v(B'| B)

a' A" B

§QV‘A2'B,nA.Br(a', I')v(A’|A)v(B'| B)
= ;B v((£l, - € =a'|A)w(A'| A)(B'| B)
=S u((E, €)= a | A) S v((En - En) = a| A)

o

ve((&, - &)= a | A).

Similarly, fia s (I", B)= ve((&,- -+, &) = B| B).
How much has been omitted in the above inequalities? The total mass of the
deficit in Aa s(-,I"V) is dominated by the sum of the following four terms:

E,nA,,B,(F',l'N'— F)v(A'|A)v(B'| B)
1) = v((&, - EYETN -F'|A)

=u(Y-F|A)=v:(Y-F|A)=Ve',

because A € %, and similarly,
2) S ha eI’ —F,F)(A'|A)w(B'|B)= Ve,
A’ B’

because B € 4.

3) 2. v(A’'| A)summed over all A’ whose names have fewer than M terms
in I this is <&’ by choice of M.

4) Similarly 5. v(B'| B) over all B’ whose names have fewer than M terms
in I, which gives <¢'.

Thus, fia s(-,IV) approximates the appropriate marginals to within 2(¢’+
V&' in total variation. It is not a probability measure, but normalizing it clearly
only changes it a little.

Finally, if ' and B8’ in F' have a and B respectively as the first N I-terms, and
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d(a',B)< €', then, since (v(E)— &' )N'< N <(v(E)+ ¢")N’, it follows from
the definition of & that 8(a, B)<e'/(v(E)+¢&').

Since A, 5 is a sub-convex average of measures which give mass < ¢’ to pairs
(a’, B') such that §(a’,B’)= ¢/, it follows that fi. » gives mass < ¢’ to pairs
{a, B) with 6(a, B)= ¢'/(v(E)+ ¢'). Normalization of A does not change this
much.

So, finally, choosing &' very small—¢?/100 will surely be enough-—causes ? to
satisfy (a') and (b') with respect to T and ¢. 0l

For the proof of (c) some lemmas will be needed.

LeEmMMA 1. Let E be a set of positive measure in Y, and let E, =
{yEE: T'y€E, T'y&E for 0<j<n}. Then —Z,v(E.)logv(E,)<x.

Proor. Letq.=2" n=12,---,and p, = v(E,)/v(E). Then {q.} and {p.}
are both probability distributions, and —Z.p.logg. = — Z.(v(E.}v(E)n =
1/v(E). But — X, p. logg. = — =, p. log p.; see Billingsley [2]. a

LemMMmA 2. If R is a countable partition, % ={R,,R; -}, and
—2.v(R,)log v(R,) <, then there is a finite partition 2 such that 2°.CR.

Proor. This is implicit in the way Krieger [6] constructs his finite partition.
0

LemMMA 3. Let R be a finite partition of Y, and v(E)> 0. Then there is a finite
partition 9 of E such that, setting ' = 2 U{Y — E} as before, we have 2 'O R.

Proor. It will suffice to consider the special case where R = {E, Ro, R} with
v(E) = v(Ry).
Write F for R, and set

Fi={y€F:3n>0,T"y€ETygF if 0<j<n},
E,={y€E:3n>0,T"yEF, T'y&E if 0<j<n}.

A measure-preserving bijection from F, onto E, may be defined by sending each
y in F; to its first image in E,.
Inductively, set Fi., =

k k k
{yEF— U F:3n>0,T"y€EE- U E,T'y&€F~- | F if 0<j<n},
i=1 i=1 i=1
and set By, =

K k ) K
{yEE— UE:3n>0,TyeF-JF,TYy€E-JE if 0<j<n}.
i=1 i=1 i=1
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A measure-preserving bijection from F., onto Ei., may be defined by sending
each y in Fi,, to its first image in E.,.

I claim that the set F— U7, F. = F. has measure zero. For suppose
v(F.)>0. Then also »(E.)>0 where E.=E — U ;_, E,, since v(F)= v(E)
while v(F,) = v(E\). Choose any y € F.. Then for every k, y & Fi.., no images
of y reach F—UX,F, before reaching E — U, E, and a fortiori before
reaching E.. It follows that no image of y can be in E.. This contradicts

ergodicity.
Now set Qo= Ui., E,, Q, = E — Q,. Clearly each F; is in 92’2 so R, is. But
so is E, which completes the argument. i

Lemma 4. In order to prove that a particular partition P is LB for a
transformation T, it suffices to find for each ¢ >0 some partition 3 D P so that for
all sufficiently big N there exist arbitrarily big M for which the LB definition holds
in the form (a'), (b") for that particular N, M, ¢.

Proor. It suffices to show that P satisfies the LB definition in the form (a’),
(b’) for every ¢ >0. To get this: an examination of the proofs of Lemma 1 in
Section 3 and Corollary 7 of Proposition 1 in Section 3 shows that it suffices to
get 2 satisfying LB in the form (a), (b) for (¢/2)". Replacing (£/2)* by (e/2)*
enables us to replace “‘all M’ by “arbitrarily large M” in the definition;
again see the proof of Corollary 2 of Proposition 1 in Section 3. Finally, using
(1/3) (¢/2) instead makes it possible to replace (a) by the weaker condition (a’).

U

Proor oF PART (c) oF THEOREM 3. In view of Proposition 2 of Section 3 and
Lemma 3 above, it need only be shown that if Tr is LB and 2 is a finite partition
of E then #'= 2 U{Y - E} is LB. Applying Lemmata 1 and 2 above, it may
further be assumed that ?°., contains the return-time partition {E,, E,, - - - } of E.
In view of LLemma 4, it will suffice to find, for each ¢’ >0, some 2 D 2 so that 2’
satisfies (a’) and (b") for ¢’, in the weakened form described there, where only
“large” M’ need be considered.

Let &’ be given. Let ¢ be chosen >0, depending on ¢ in a manner to be
specified later. Since 27 lv(E,) = 1, an integer K may be chosen so large that
Soklv(E)<e Let 9 =P v{E, -, Ex, EX} where EX = U,.« E.. This 2 will
be shown to do the trick, provided ¢ is sufficiently small. As before, let
2={Q.:a€l}and 2'={Q,: a €'}, where I'=1U{0} and Q,= Y — E.

Again using the fact that 2i_, lv(E;) = 1, there is for every &£ >0 some 8(¢),
which for convenience will be taken < ¢, so that if A CE and v(A)< § then
2 W(E;NA)<e Define p: Y—=E by py =T’y where j is the smallest
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nonnegative integer with T7'y € E; thus p~'(y)={y, Ty, -+, T, '} if y € E.
Then v(A)<8(e) > v(p 'A)<e.
Also let {&}, {€}, {t;} be defined as in the proof of part (b), so ¢ |E = ¢&.
Let A =inf{v(E,): v(E,)>0,] = K}. Let § = 3A8(¢))". Since 2 is LB for Tk,
there is some “big enough” N, for 2 and §; also make N, > K/¢; and finally,
make N, so large that if N = N, then on a set F’ of measure > 1— §, setting

a'= (&1, -, €X), the symbols of o’ have a “typical’ distribution, in that there
are at least (1 — 8)v(E;)N symbols in &’ which come from 2 '-atoms contained in
E,forl=1,--, K. For convenience, let us call such a symbol a symbol of height

I; that is, a €T’ is a symbol of height | if Q. CE, [ =1,---, K. Thus there may
be chosen a substring & of a’ consisting of N; symbols of height [, where N, is the
smallest integer = (1 — &) (E,)N. F' is obviously a 2" -measurable set; let F’ be
the corresponding subset of I'V: that is, those strings @’ € 2" which have the
described property.

Having chosen some N = N,, choose M, large enough that v(t,= — M) =
1— 8. Then it will be shown that if ¢ is sufficiently small, 2’ will satisfy (a’) and
(b’) for ¢', all N= N,, and all M'= M,.

Now let L be chosen so large that v(G)= 1- 8, where G ={¢ € U, E, for
- M'=j=N}. Let € be the partition {Ei,---,E,, E'}, where again E" =
U,.. E. By a controlled atom of €% will be meant one withno T™E" factor.

Since 2°.D{E,, E,, -}, M may be chosen so large that the following holds:
there is a set of atoms A of 2°%,, of total measure >1-8, and for each
such atom A a collection H(A) of sequences o &IY, with
v((&, -, &)EH(A)| A)>1- 8, and such that

1) A has a proportion =1—§ of its measure contained in some controlled
atom B of €°y._,. Write B as (1/__,,_, T7E,a,, where 1 = h;(A)=L.

2) {(¢,,---,&) = a}hasaproportion = 1— § ofits v(-| A) measure in some
controlled atom C of &%,_., with CCB; C then may be written as
MY _voi T7Ena o) where 1= h(A, @)=L and hj(A, &)= h(A) for j =0.

Let ¢ be those “good” atoms of 2°,, with respect to N and 8, which also
satisfy (1) and (2). Thus % has total measure =1-—28.

An atom A of 2°%, will be said to induce A’ in 2% if the sequence of
I-symbols in the name of A’ are precisely the rightmost of the symbols in the
name of A ; that is, writing j for the largest integer such that = — M’ on all of
A’, the (constant) value of (¢, -+, &) on A’ is precisely the (constant) value of
(&,---,&) on A. If also @ €I" and a' €I, say (A, a) induces (A', a’) if
furthermore the subsequence of I-names in o' are precisely the leftmost
elements in a.
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Let A’ be an atom of 9 'y, on which — M'=t,. If A € ¥, then say A induces
A’ properly if A induces A’, and the I-terms in the name of A’ appear according
to the rule tZ —ho(A), L=t~ hi(A), -, =t_—h(A), tau<-M
everywhere on A’, and t, + M’ < h;,,(A); that is, in a manner consistent with the
controlled &%y, atom which contains most of A. Similarly, if A €% and
a € H(A), say (A, a)induces (A’, a') properly if (A, a) induces (A, a’), and the
gaps are consistent with the controlled €%y, atom which contains most of
{(¢é1,- -, &)= a, A}, so that the first I-symbol in a’ appears in the place
ho(A)+ to, where t, is the place of the last I-symbol in the name of A, and
subsequent I-symbols in a’ have gaps h,(A,a)—1, h(A,a)—1,--- between
them.

Notice that an A in 9 induces properly exactly ho(A) different A’€ 2.y
corresponding to different values of & on A’; and given one of these A’, and
given a € H(A), there is then exactly one a’ in I'" such that (A, a) induces
(A, a') properly. Notice also that if A induces A’ properly, then v(A)=Z
v(pTANA)Z(1-8)v(A), and if (A, ) induces (A, a’) properly then

V((gl""’gN)za’A)é V((g:,,"',§fN)=a, pilA OA')
2(1_6)V((§1"'"gN)za»A)~

Here is the argument: p is 1-1 on A’ because t,Z — M’, and clearly measure-
preserving, so the left hand inequalities are obvious in both cases. As for the
right hand inequalities: let j be the largest integer for which = —M' on A'.
Then pA'D A N D, where D is an €°,_,-measurable set, which, by definition of
proper inducing, must contain the €%y, atom in which A mainly lives; thus

v(A NpA)Z(1-8)r(A);

and a similar argument holds for the other case.

Next, let 9’ be those atoms A’ in Q',, which have a proportion =1- V8 of
their measures filled up by U{p~'A: A induces A’ properly}, and for which
v((€l,-, £ EF|A)=1-V3, and for which also t,= —M'. Then ¥’ has
total measure =1- V.

Now, for A’, B’ in 9’, a measure i, 5 on I'' xI'" will be defined by the
formula

Aa. sla’, B’) = A‘;LB na s(a, B)V(p‘lA ,AI)V(PHB ’BI)’

where the n, g come from the LB definition for 2, and where the range of the
surnmation is as follows: A € 4, « EH(A), (A, @) inducing (A’, a') properly,
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B € %, B € H(B), (B, B) inducing (B’, B’) properly. It will be shown that if ¢ is
chosen small enough then the fi,. 5., after normalization to total mass 1, will
satisfy (a’) and (b’). This will be done as was done in the proof of part (b), by
showing that they satisfy appropriate inequalities, and that the error in total
variation introduced in these inequalities is sufficiently small.

If s s{a’,B') is summed over all B', then since each (B, 8) can induce
(B', B') for only one B’, any given $ only appears at most once in the expanded
sum, so

Ra.a(a’ X I’~)§A§amxe(a XI")v(p™'A|A)v(p 'B|B)
(i)
= A% ve((§, -, én) = a | A)v(pT'A|A)v(pT'B | B').

The range of summation on A and « is as before, while now B ranges over ¥,
subject to B inducing B’ properly. The B are disjoint, so the p~'B are, and

A%ﬂws((fl, )= a ’A)V(p—lA IA’)V(ple |B’)
(ii)
Sre(@n b0 =alA(pTA LAY,

An estimate of three paragraphs back gives:

_ _VE((gh'“’gN):a’A)
VE((é:l""’gN)—a’A)_ VE(A)

=V((§1’“"§N)=a’A)S 1 V((‘f'm'",gin):a’Ple ﬂA')
V(A) —1-6 V(p*IA nA/) .

So one may write
3 vel(6n 8= a | A)p A | A)
(iii)

S S rE £ = ap A A,

A a

The range of summation on A and a is what it was to begin with. If however this
is enlarged a bit, so that all A € 2%, and all a €I for which (A, @) induces
(A’, a') are permitted, then one gets an inequality for the last expression:
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S S (E e ) = apT A A)
(iv)
(@ e =ar A,

=

Thus:

(£ = e’ A)

fia s’ X" =

and similarly

(€ £ = B B)

fia s(I” X B =

In order to see that the excess is not large, it is necessary to see what mass has
been thrown in at each of the inequalities (i) - - (iv).

INequaLITY (). The total mass of the omission is precisely
2, 2 mas(@Bv(pAlA)W(p BB,

The inside summation is over A €% a €I(A), (A, a) inducing (A, ")
properly, B € ¥, B inducing B’ properly, and & H(B). This is dominated
(using estimates like before) by

> (- 80 = BB TA | A (p B | B).

A.B BEZH(B
Since v((&, -+, &)E H(B)| B) < §, the entire sum is less than 8.

INeouaLITY (ii). The excess mass is precisely

VB~ UTBB)(Z vel( - 60 = aA)v(p A |4)

1

=v(B-Up B|B){—;

v((§1,-- . €D =a'|A)=v(B'- UpT'B|B)),

using previous inequalities.
B ranges over all atoms of ¢ which induce B’ properly. Thus, since B’ € 4/, it
follows that »(B'— Up'B|B)=1- V.

INeQuaLITY (iii). The total mass of the difference may be dominated by
1/(1 - 8) times
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1-v(U{p7'B: B € 9 and induces B properly}| B’),
which is less than V8.

INequaLITYy (iv). The difference may be dominated by 1/(1— &) times the
sum of two terms:

1) v(A'— U{p'A: A € Y A induces A’ properly}| A'), which was already
seen to be < 4.

2) X v((Eh e En)EH(A)PAAY)

AEY

=S v £ EHA) AN A A) S T2
AEY

Sufficiently small choice of ¢ will now guarantee that the normalized version
Na., s of Aa p will have property (@) for T, 2', N, M’ and ¢'.

Finally, it is necessary to estimate Ais. s ({(a’, B'): 8(a’, B'Y = ¢'}). This may be
estimated from above by the sum of three terms:

na g({(a’,B):a',B'EF,8(a’,B)Z '}

+ fa g X (AT ~F))
+ fia, s (I —F)xIT),

The last two terms are dominated by (1/(1-8))»(I'"" —F|B’) anc
(1/(1 - 8)r(I'" —F'| A") respectively from the inequalities already noted.

As for the first term: if @’ and 8’ are in F’ and o and 8 are in 27 and induce
a’ and B' respectively, then for each I =1,---, « and B each contain = N
symbols of height I Here, as defined earlier, N, is the smallest intege:
Z (1 - 8)v(E;)N. Suppose now that « and B can be matched well enough tha
there are no more than 6N unmatched symbols in each string. Then there are n¢
more than ¢v(E;)N unmatched symbols among those N, symbols of a and |
which correspond to the chosen N; symbols of height l ina’and 8',j =1,---, K
Thus there is a match induced from a' to 8’ which matches at least (1— 5 -
¢)v(E;)N symbols of 2' of height [, I =1,---, K. Now, if a symbol of 2" in «
has height /, and &' is a string which can really occur, then the next j - 1 symbol
are zeros. Thus the match from ' to B’ may be extended to a total of at leas
(1-8—¢)ZXjv(E,)N — (L — 1) pairs from(a’, B'). (The reason for subtractin:
L — 1 is that the rightmost pair which is matched might not have enough spac
left before the ends of the a’ and B’ strings to get in any more pairings.) So a
and ' may be matched better than
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(-5 —E)Z,V(E) K-l.4-s —e)(l—s)—KT_Olz(l—%)(l—s)—s.

Summarizing the last paragraph: if «’ and B’ are in F', and 8(«, B) = 8, then
8(a’,B)=1-(1-2e)(1— ¢)— ¢ which of course can be made less than ¢’ by
choosing ¢ small. So

s p({(a’,B): a',B"EF,8(a’,B)z e}
= A‘;M nas({(a, B): 8(a, B)Z 8} w(p'A|AYw(p'B|B')= 6.

Now a sufficiently small choice of ¢ (and consequently of §) completes the
argument. d

CoroLLARY 1. If T is LB then so is T.

PrOOF. (T)pxy is isomorphic in an obvious way to Sp, X T, which has T as a
factor. O

CoRroLLARY 2. If T is Bernoulli, then T is LB.

Proor. T Bernoulli = TLB = T LB by the previous corollary. Ol

5. Examples of non LB automorphisms

THEOREM 4.  There exists an ergodic automorphism T, of entropy zero which is
not LB.

Proor. The method will be to make longer and longer strings of symbols,
putting them together by the stacking method (cf. Friedman [3]). Underlying the
construction is the observation that no two of the following strings can be
matched very well:

abababab,

aabbaabb,

aaaabbbb.
Step I. Description of the strings. Let I, be an alphabet of N(1) symbols
{ai,  +, a1 nw). T inductively construct sets L., = {dn.11," -, Qn i1 N} Of

strings of length L(n +1), formed by stringing together members of I,. The
strings a,,; are called n-symbols. The construction of (n + 1)-symbols goes like
this:

N(n) N(n) \N(n)2N(n+1)
An+in (a AR an,(;ll()n)) e

Ny N(n)* \N(n)ANG+D-1)
an+1 2= (a AT an,g\'ll()n) o

(a N(n)2NeD N(")zN(nﬂ))N(")z'

Ani 1t N(n+e1) = n,N(n)
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Thus L(1)=1, and L(n + 1)= L(n)N(n)™**D,

LemMA. If N(n)>200x 2" then for all positive integers r and s and all n,
a’; and a, ; cannot be fitted better than (1/8) (1—(1/2")) if i <j.

The argument is by induction, and is obvious for n = 1. Suppose, then, that we
have a match between a..,.and av..; Write j =i + k, with k > 0. Write a, for
a* Then

— N(n )N+ D= i)
a:l+1.|'—(al"'aN(n)) = '

and
ah,;= (a Nyk, L am:;z“)NM)Z(N("”-Hs_

Now: a ., ; may be factored into N(n)* """/ strings of the form a Y™™, The
given match between a... . and a...; may be split into matches between the
successive a )™ and N(n)x N(ny™*"9"g certain disjoint substrings of a ..
whose union is all of a;., . If we can show that each of these induced matches
has a fit of no better than (1/8) (1 — (1/2"*")), then the original match likewise will
have a fit of no better than (1/8) (1 — (1/2""")). Now, substrings of a .., ; are of the
form B(a: - anm)"y. where B and vy are respectively final and initial substrings
of the string a, - - - anwy and ¢ is a nonnegative integer. If we ““‘complete” 8 and
vy, thus enlarging the substring B(a - anwm)y to (ai- - anm)™’, the total
length |B(ai - ane)y| + |a™™* | will be changed to [(a:- - anm) | +
| a ¥ | . The added length is less than 2JN(n), where J is the common length of

all the a,. So, if we regard our match between a ™™ and B(a, - anm)'y as

rather a match between a Y™™ and (a, - * - anw)) 7% the fit is decreased, but by a

factor of no less than
2JN(n) 2 1 1
= Tarem 1= gy 1~ 1002
N(n)2k

So it will suffice to show that any match between an a7 and (a, - * - anwm)' ™,
t =0, fits no better than

e 5h) (1- s 2)
8 PARS 100 27

Repeat the above trick: (@, - - an)' " is @ product of N(n)(t +2) strings of

the form a, | varying. Any match between ™™ and (&, - anw)"* may be

decomposed into matches between these N(n)(t +2) successive a, and N(n).

(t +2) certain disjoint substrings of a}™™ whose union is all of a}™. Any

142

substring of a ™™ has the form ba. ¢, where b is a final substring of a,.» and ¢
an initial substring of a, .. If we “complete” the string ba’ »c to obtain the
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string a4’’, then the total length |[bai,c|+ |a/| changes by less than 2L (n),
and if we regard our given match between «; and bay ¢ as one between «, and
a3k, the fit is decreased, but by a factor of no less than

2k o 2k . 1 1,
Tl =V kNG~ 007

here K is the common length of the a, ..

Now, any match between «, and a string of the form a}’ with h# [ fits no
better than (1/8) (1 —(1/2")), by induction hypothesis. The strings «, for which
I = h form a fraction 1/N(n) of the total length of the string (a; - - - anwm)' . So
we are guaranteed that the total match between (a, - - - ane,) ? and a ™™ has fit

no better than

1 2 1
<1_2_">+m5m

Rl=

which is less than

oo 1y (L1 )2
8(1 2n+l> (1 100 2n+1 M D

Step 11. Construction of T,. Take the unit interval, which we call F,, and
partition it into N(1) equal intervals: 2 ={Q,: a € I,}. Inductively, suppose we
have constructed intervals F, and partially defined automorphisms T, j=
1,-- -, n satisfying

1) F..CF and T;,, DT,

2) T, maps F; piecewise-linearly and disjointly for L(n)—1 steps, with

L(U”] T7F =F, and T, undefined on TF"'F,

3) the L(j)-names of points in F; are, with equal probability, the N(j)
j-symbols in I,

Divide F, into N(n) equal intervals A' ---, AM™ according to which
n-symbol the L(n)-name takes on. Divide each A’ into M(n)= N(n)*»"*"
equal intervals A{, -, A\, and further divide each A; into N(n + 1) equal
intervals Ajy, -+, Ajnwin. M(n)is exactly the number of times each n-symbol
occurs in each (n + 1)-symbol.

Set B;«=Tx™ ' A, .: the portion of the “‘roof” of the nth stack which lies
above the portion A}, of the floor F,. Set F,., = UY"*" Al = AL T,., will be
defined on F,., for L(n+1)—1 steps, agreeing with T, wherever that has
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already been defined. Here is the prescription: send A1 “upward” via T, for
L(n)— 1steps, arriving at T."V™* A} . = B1 . Map B1 . linearly onto A} .. Send

)« “upward” again via T, for L (n)~ 1 more steps, to B} ; in general: having
started at A1, and having arrived at Bj ., after some number—say I—of trips
from the floor to the roof, so that ! n-symbols have been traversed in the
process, send Bj, linearly onto A .., where i’ is the subscript of the (I + I)th
n-symbol in the (n+1)-symbol ..., and where j'—1 of the previously
traversed n-symbols have had the subscript i'. In this manner, eventually one
arrives at BN 4, having in the process traversed, for each i and j, the column
from A}, to B}.. It takes L(n +1)—1 steps to go from A}, to By« Doing
this for each k gives a stack of height L(n + 1) with base F..,.

It may easily be checked that the hypotheses (1), (2), (3) still hold. The
common extension T, of the T, is defined on a set of measure 1, and T, clearly
has the property that for each n the interval F, moves disjointly for L(n)—1
steps, and F, splits into N(n) equal subintervals, the points of which take or
with equal probability the n-symbols as their L (n)-names.

Step II1. T, has zero entropy. There are at most L(n)N(n)* different string:
of length L(n); some may be repetitions of others. This is clear from looking a
the tower based on F, and considering various starting points. So

1

h(T)= ,!iﬂ,mk’g L(n)N(n)

_ vy [logL(n)  2logN(n)
—llm( L(n) + L(n) >

n-—>o0

But since

IZJ('%Q)QO, h(T)=0.

Step IV. T, is ergodic. This may be seen directly, by counting k-blocks i
n-strings.

Step V. T, is not LB. 1If T, were LB, then for some n there would be a subse
A of the unit interval, of measure >99/100, such that for any y,, y, in A, th
L(n)-name of y; and y, match better than 99/100. Now, an L(n)-name consis!
of the tail of an n-symbol followed by the beginning of a (possibly differen
n-symbol. It is easy to see, from the magnitudes involved, that y, and y: in .
may be so chosen that the one or two n-symbols making up the name of y, a1
different from those making up the name of y,; then, from the lemma, the tw
L (n)-names cannot be matched better than 1/4. l

CoroLLARY 1. T, although of entropy zero, is not Kakutani-equivalent to ¢
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irrational rotation ; in other words, no flow built over T, can be isomorphic to a flow
built over an irrational rotation.

Proor. Immediate from Theorems 3 and 4. 0

CoroLLARY 2. T, isa K-automorphism which is not LB. Consequently it is
not Kakutani-equivalent to a Bernoulli transformation, and no flow over it can be
time-changed to a Bernoulli flow.

Proor. Immediate from Theorem 4 and Corollary 1 to Theorem 2. 0]

CoroLLaRY 3. There exists a K-flow which cannot be time-changed to a
Bernoulli flow.

Proor. In view of Corollary 2, it suffices to show that there exists a K-flow
over T,. But this will follow from the next observation, which is perhaps worth
isolating as a Proposition.

ProposiTiON.  For any ergodic automorphism T, there exists a K -flow over T.

Proor. T is a K-automorphism, and we let ¥ be the *K-partition”
generated by the past of 9 (see Section 2). Let f(x,y)=p if x € P, and q if
x € P,, where p and g are incommensurable positive real numbers. Then the
results of Gurevi¢ [4] may be applied to show that the flow over T under f is a
K-flow. 0

SoME OPEN PROBLEMS

A) Corollary 2 to Theorem 3 says that if T is Bernoulli then T is LB. Is the
converse true?

B) It is my feeling that ““most” ergodic automorphisms are not LB. It would
be interesting to formulate and prove a precise result along these lines, or to find
some ‘“‘natural”, i.e., algebraic or geometric examples of non LB automorph-
isms.

C) In connection with the last proposition: is it the case that every
K-automorphism, or perhaps even every ergodic automorphism of entropy >0,
can be the base of some K-flow? It is known, for example, that every ergodic
automorphism can serve as the base for some flow with continuous spectrum.

Note added in proof, February 21, 1976. In connection with Problem C, D.
Ornstein and M. Smorodinsky have now shown that in fact any ergodic
automorphism of positive entropy induces a K-automorphism, and any ergodic
flow of positive entropy may be time-changed to a K-flow.
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